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This research deals with the derivation and solution of nonlinear dynamic equations of a clamped laminated plate

exposed to blast load including structural damping effects. Dynamic equations of the plate are derived by the use of

the virtual work principle. The geometric nonlinearity effects are taken into account with the von Kármán large

deflection theory of thin plates. An appropriate approximate solution is assumed for the space domain considering

the finite element analysis results for the large deformation static analysis of the laminated plate. The Galerkin

method is used to obtain the nonlinear differential equations in the time domain. These nonlinear differential

equations include structural damping effects. The finite difference method is applied to solve the system of coupled

nonlinear equations. The results of the theoretical analysis are compared with the experimental results. Good

agreement is found for the peak values and frequencies. Effects of aspect ratio and damping on the dynamic response

of the plate are examined. The damping coefficient greatly affects the nonlinear dynamic response.

Nomenclature

a, b = dimensions of the plate
d1, d2, d3 = viscous damping coefficients
E1, E2 = Young’s moduli
G12 = shear modulus
h = plate thickness
hk = kth ply thickness
Mx,My,Mxy = moment components
�m = unit area mass of plate
Nx, Ny, Nxy = force components
P = blast pressure
pm = peak pressure
�Qij = elastic constant components for a laminated

composite (i� 1, 2, 6; j� 1, 2, 6)
qx, qy, qz = load vectors
t = time
tp = positive phase duration
U, V,W = time-dependent parts of displacement

components
u, v, w = displacement components in the x, y, z

directions
u0, v0, w0 = displacement components of reference surface

in the x, y, z directions
_u, _v, _w = components of velocity vector
�u, �v, �w = components of acceleration vector
� = waveform parameter
"x, "y, "xy = strain components
"0x, "

0
y, "

0
xy = membrane strain components

� = damping ratio
�x, �y, �xy = plate curvatures
�12 = Poisson’s ratio

� = density of material
�x, �y, �xy = stress components
! = fundamental frequency

I. Introduction

A DVANCED laminated composites are used in several engi-
neering fields such as space station structures, aircrafts,

automobiles, and submarines. The increased use of advanced new
composite material structures implies a necessity to reconsider the
problem of nonlinear dynamic behavior of laminated composite
plates exposed to time-dependent pulses, such as sonic boom and
blast loadings.

A number of studies have been performed concerning the non-
linear analysis of plates. Leissa [1] has addressed numerous studies
on the theory of the vibration of plates in his book. A comprehensive
list of papers published in the area is given in Reddy [2,3].

Türkmen andMecitoğlu [4,5] have performed some experimental
and approximate-numerical studies on the nonlinear structural
response of laminated composites subjected to blast load. Türkmen
[6] has compared experimental and theoretical methods. Nosier et al.
[7] have investigated the motion of viscously damped laminated
composite flat panels. Librescu et al. [8] have addressed the problem
of the dynamic response of sandwich panels exposed to blast
loadings. Kazancı et al. [9] have considered in-plane stiffness and
inertias in the analytical solution of the laminated composite plate
under the blast load. Present work includes the structural damping
effects as well as in-plane stiffness and inertia effects on the motion
of a laminated composite plate under blast load.

In this study, the equations of motion of the laminated composite
rectangular plate subjected to the blast load are derived in the frame
of the vonKármán large deflection theory of thin plates. The clamped
boundary conditions are assumed for all edges of the plate. The
equations of motion are derived using the virtual work principle. The
structural viscous damping developed by Rayleigh [10] is taken into
account in the derivation of the equations. The displacement field in
the space domain is approximated by the appropriate functions,
which satisfy the certain boundary and symmetry/antisymmetry
conditions. For this purpose the laminated composite plate is dis-
cretized by the laminated shell element of ANSYS 10.0 software and
a static analysis is performed considering large deformations and
geometric nonlinearities. Then, theGalerkinmethod is applied on the
equations of motion to obtain a set of nonlinear-coupled equations in
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time domain. The resulting equations are solved using a finite dif-
ference technique. The displacement variation with time is obtained
for the centroid of the plate and compared with the experimental
results. Good agreement is obtained for the peak values of response
and the frequencies of the vibrations. Effects of the aspect ratio and
damping parameter are also studied. The damping coefficient greatly
affects the nonlinear dynamic response.

II. Equations of Motion

In this section, a mathematical model for the laminated composite
plate subjected to blast load is presented. The rectangular plate with
length a, width b, and thickness h is depicted in Fig. 1. The Cartesian
axes are used in the derivation.

The following approximation theorem of Weierstrass [11] holds:
“Any function which is continuous in an interval may be
approximated uniformly by polynomials in this interval.” Thus, the
displacement field in the plate can be represented by the following
relationships:

u�x; y; z; t� � u0�x; y; t� � z�0
1�x; y; t� � z2�0

2�x; y; t� � � � �
v�x; y; z; t� � v0�x; y; t� � z�0

1�x; y; t� � z2�0
2�x; y; t� � � � �

w�x; y; z; t� �w0�x; y; t� � z�0
1 �x; y; t� � z2�0

2 �x; y; t� � � � �
(1)

TheKirchhoff–Love hypothesis for linear elastic thin plates results in
the linearly distributed tangential displacements and a constant
normal displacement through the thickness of the plate, and hence
Eq. (1) is simplified as follows:

u�x; y; z; t� � u0�x; y; t� � z�0
1�x; y; t�

v�x; y; z; t� � v0�x; y; t� � z�0
1�x; y; t�

w�x; y; z; t� �w0�x; y; t�
(2)

where �0
1 and �

0
1 are the rotations of the normal to the middle surface

during deformation about the x and y axes, respectively, and can be
written as

�0
1 �

@w0�x; y; t�
@x

; �0
1 �

@w0�x; y; t�
@y

(3)

In Eqs. (1–3) the superscript zero � �0 indicates the displacement
components of the reference surface.

The strain-displacement relations for the von Kármán plate can be
written as

"x � "0x � z�x; "y � "0y � z�y; "xy � "0xy � z�xy (4)

where "0x, "
0
y, and "0xy and �x, �y, and �xy are given by

"0x �
@u0

@x
� 1

2

�
@w0

@x

�
2

; �x �� @2w0

@x2

"0y �
@v0

@y
� 1

2

�
@w0

@y

�
2

; �y �� @2w0

@y2

"0xy �
@u0

@y
� @v0

@x
� @w0

@x

@w0

@y
; �xy ��2 @

2w0

@x@y

The effective elastic constants are used for defining the
constitutive model of the laminated composite. The constitutive
equations can be expressed as

�x
�y
�xy

2
4

3
5�

�Q11
�Q12

�Q16
�Q12

�Q22
�Q26

�Q16
�Q26

�Q66

2
4

3
5 "x

"y
"xy

2
4

3
5 (5)

Force and moment components of the plate can be written as

� fNg
fMg

�
� �A� �B�

�B� �D�
� �� f"0g

f�g
�

(6)

The coefficients in the matrices are given as follows:

Aij �
Xn
k�1

� �Qij�k�hk � hk�1�;

Bij � 1=2
Xn
k�1

� �Qij�k�h2
k � h2

k�1�

Dij � 1=3
Xn
k�1

� �Qij�k�h3
k � h3

k�1�

fNg and fMg in Eq. (6) are the vectors of force and moment
components and are given by

fNg �
8<
:

Nx

Ny

Nxy

9=
; fMg �

8<
:

Mx

My

Mxy

9=
;

If the blast source is distant enough from the plate, the blast pressure
can be described in terms of the Friedlander exponential decay
equation as [12]

P�t� � pm�1 � t=tp�e��t=tp (7)

where the negative phase of the blast is included.
Using the constitutive equations and the strain-displacement

relations in the virtual work and applying the variational principles,
nonlinear dynamic equations of a laminated composite plate can be
obtained in terms of midplane displacements as follows:

L11u
0 � L12v

0 � L13w
0 � N1�w0� � d1 _u

0 � �m �u0 � qx � 0

L21u
0 � L22v

0 � L23w
0 � N2�w0� � d2 _v

0 � �m �v0 � qy � 0

L31u
0 � L32v

0 � L33w
0 � N3�u0; v0; w0� � d3 _w

0

� �m �w0 � qz � 0

(8)

including structural damping where Lij and Ni are linear and
nonlinear operators. The explicit expressions of the operators can be
found in the Appendix. The boundary conditions are

y, v

z, w

x, u

a

b

h

Fig. 1 Laminated plate and coordinate system.
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u0�0; y; t� � u0�a; y; t� � u0�x; 0; t� � u0�x; b; t� � 0

@u0

@x
�0; y; t� � @u0

@x
�a; y; t� � @u0

@y
�x;0; t� � @u0

@y
�x; b; t� � 0

v0�0; y; t� � v0�a; y; t� � v0�x;0; t� � v0�x; b; t� � 0

@v0

@x
�0; y; t� � @v0

@x
�a; y; t� � @v0

@y
�x;0; t� � @v0

@y
�x; b; t� � 0

w0�0; y; t� �w0�a; y; t� �w0�x;0; t� �w0�x; b; t� � 0

@w0

@x
�0; y; t� � @w0

@x
�a; y; t� � @w0

@y
�x; 0; t� � @w0

@y
�x; b; t� � 0

and initial conditions are given by

u0�x; y; 0� � 0; v0�x; y; 0� � 0; w0�x; y; 0� � 0

_u0�x; y; 0� � 0; _v0�x; y; 0� � 0; _w0�x; y; 0� � 0

III. Solution Method

As mentioned by Strang [13], choosing the approximation
functions is a crucial point. In this study the displacement functions
are chosen by considering the results of static large deformation
analysis of laminated composite by using ANSYS 10.0 software.
The plate is discretized by using the eight-node laminated shell
elements (SHELL 91) with eight nodes which have geometric
nonlinear capability.

Figures 2–4 show the variations of u�x�, v�x�, and w�x�,
respectively.While the y� b=2 line on the plate is considered for the
variations of u�x� andw�x�, the y� b=4 line on the plate is taken for
the variation of v�x�. Figures 2–4 also include the variations of the
first term of approximation functions given in Eq. (1).

It can be seen from the figures that the displacement functions for
the clamped boundary conditions can be assumed in the following
form appropriately:

u0 �
XM
m�1

XN
n�1

Umn�t�x2m�x � a�2m
�
x � a

2

�
m
�
1 � cos

2n	y

b

�

v0 �
XM
m�1

XN
n�1

Vmn�t�
�
1� cos

2m	x

a

�
y2n�y � b�2n

�
y � b

2

�
n

w0 �
XM
m�1

XN
n�1

Wmn�t�
�
1 � cos

2m	x

a

��
1� cos

2n	y

b

�
(9)

Accounting only the first terms of displacement functions and
applying the Galerkin method to the equations of motion given in
Eq. (8), the time-dependent nonlinear differential equations are
obtained

a0
�U� a0 _U� a1U� a2V � a3W � a4W

2 � a5 � 0

b0
�V � b0 _V � b1V � b2U� b3W � b4W

2 � b5 � 0

c0 �W � c0 _W � c1W � c2W
2 � c3W

3 � c4U� c5V

� c6UW � c7VW � c8 � 0

(10)

where the coefficients of the equations are given in the Appendix.
The dot denotes the derivative with respect to time. The initial
conditions can be expressed as

U�0� � 0; V�0� � 0; W�0� � 0

_U�0� � 0; _V�0� � 0; _W�0� � 0

Nonlinear-coupled equations of motion are solved by using the finite
difference method. We may arrange Eq. (10) in the matrix format,

�K0�
@2

@t2
fQg � �K0�fTg � �K1�fQg � �K2�fQg � �K3� � 0 (11)

x (m)

u
/u

m
ax

0 0.05 0.1 0.15 0.2
-1

-0.5

0

0.5

1

ANSYS
Approximation

Fig. 2 Variation of u�x�. (y� b=2).
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Fig. 3 Variation of v�x�. (y� b=4).
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Fig. 4 Variation of w�x�. (y� b=2).
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where fQg � �U V W� and fTg � � _U _V _WcT . �K0�, �K0�, �K1�, �K2�,
and �K3� matrices are defined as:

�K0� �
a0 0 0

0 b0 0

0 0 c0

0
B@

1
CA; �K0� �

a0 0 0

0 b0 0

0 0 c0

0
B@

1
CA;

�K1� �
a1 a2 a3

b2 b1 b3

c4 c5 c1

0
B@

1
CA;

�K2� �
0 0 a4W

0 0 b4W

c6W c7W �c2W � c3W
2�

0
B@

1
CA; �K3� �

a5

b5

c8

2
64

3
75

(12)

If we replace the @2=@t2fQg term with @=@tfTg in Eq. (11), we can
write down

�K0�
@

@t
fTg � �K0�fTg � �K4�fQg � �K3� � 0 (13)

where �K4� � �K1� � �K2�. Using the definition of derivation, Eq. (13)
is

�K0�
fTgn�1 � fTgn

�t
� �K0�fTgn�1 � �K4�fQgn�1 � �K3� � 0 (14)

Rearranging Eq. (14) and substituting Tn�1 with �Qn�1 �Qn�=�t,
we obtain�

1

��t�2 �K0� �
1

�t
�K0� � �K4�

�
fQgn�1 � 1

�t
�K0�fTgn

�
�

1

��t�2 �K0� �
1

�t
�K0�

�
fQgn � fK3g

(15)

Substituting thematrices given in Eq. (12) into Eq. (15) the equations
of motion are reduced into

A1U
n�1 � A2V

n�1 � A3W
n�1 � A4

B1U
n�1 � B2V

n�1 � B3W
n�1 � B4

C1U
n�1 � C2V

n�1 � C3W
n�1 � C4

(16)

The coefficients in the equations are given in the Appendix. From
Eq. (16) we obtain the following:

Un�1 � 1

A1

�A4 � A2V
n�1 � A3W

n�1�

Vn�1 �D3 �D2W
n�1

D1

Wn�1 � E3 � E4

E5

Nonlinear terms in �K2� were linearized by iterations: In the first
iteration we used Wn which is known from the previous step. After
the first iteration, Wn�1 is calculated and used in place of Wn.
Iteration continues until convergence criterion is provided.

IV. Numerical Results

Türkmen and Mecitoğlu [4] have made some blast experiments
using a seven-layered fiberglass fabric with (90/0 deg) fiber
orientation angle for one layer, and this plate is used in the numerical
analysis. Plymaterial properties used in the analysis and experiments
are given as E1 � 24:14 GPa, E2 � 24:14 GPa, G12 � 3:79 GPa,
�� 1800 kg=m3, and �12 � 0:11. The dimensions of the plate are
a� 0:22 m, b� 0:22 m, and h� 1:96 mm.

The experimental work [4] has shown that the pressure
distribution on the plate can be taken as uniform for a distance of 1m
from the open end of the detonation tube. The blast pressure has been
measured on the thick wooden plate which has the same dimensions
of the laminated composite plate. A variation of blast pressure by

time at the plate center is shown in Fig. 5. The parameters of the
Friedlander decay equation used in the analyses are chosen as
pm � 28:9 kPa, �� 0:35, and tp � 1:8 ms.

A solution of the nonlinear-coupled equations is obtained by
taking the first terms of the displacement functions. A convergence
study is performed to reach the suitable time increment. A viscous
damping ratio ��	 d3=2! �m� is taken as 0.3 for the convergence
study.Here! denotes the fundamental undamped frequency.Results
of the study are shown in Fig. 6. The time increment in the
subsequent analyses is taken to be 0.002 ms where the convergence
criterion is ensured.

The approximate numerical and experimental results are
compared in Fig. 7. The approximate numerical results are given
for the two damping ratios as well as the undamped case. As shown
from Fig. 7, the damping coefficient greatly affects the nonlinear
dynamic response. The viscous damping decreases the vibration
amplitude in a short time after the strong blast. The results of the
present study show good agreement with the experimental results for
the first half-cycle of motion. The agreement with the experimental
results continues through the full first cycle. However, a discrepancy
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Fig. 5 Variation of blast loading by time [4].
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between the theoretical and experimental results is observed after the
first cycle of motion. This discrepancy would be a result of the effect
of higher vibration modes on the plate response. Another source of
the discrepancy would be aeroelastic interaction between the blast
load and thin plate motions. In the experiments made by Türkmen
andMecitoğlu [4], while the pressure measurements are made on the
thick wood samples, the strain measurements are made on the
laminated thin composite plates. Hence, the results of experiments do
not include the effects of blast-plate interactions.

In this study the in-plane stiffness is taken into account as a
difference of the analysis made by Türkmen and Mecitoğlu [4]. The
strain variation obtained in this study has a lower amplitude and
closer experimental results than the approximate numerical result of
Türkmen and Mecitoğlu [4], which is also presented in Fig. 7. How-
ever, the present result still shows a considerable discrepancy after
the first wave.

A comparison of strain-time history results (in x direction) for the
plates which have different aspect ratios is shown in Fig. 8. The
results are obtained for �� 0:3 and several aspect ratios (a=b� 1,
0.75, 0.5, and 0.25) by keeping the plate area constant. The analyses
are performed for the seven-layered fiberglass fabric with a
(90=0 deg) fiber orientation angle whose engineering material
properties are given before. As a result, while the aspect ratio of the
plate increases, the amplitude of the "x variation decreases, and the
corresponding frequency increases.

The long-time displacement responses of the plate are shown in
Fig. 9. The damping ratio is taken to be �� 0:3 for the damped
response analysis. The displacement response of the plate follows the
blast pressure. During the time range of the strong blast effect, the

large deflection effects result in high in-plane tensions and therefore
they increase the response frequency of the plate. After the blast, the
amplitude of vibration becomes less than the plate thickness, and the
response frequency tends to decrease due to the lack of the nonlinear
effects. On the other hand, the frequency and amplitude of vibration
decrease by the effect of structural damping.

Variation of the vibration frequency by time is shown in Fig. 10.
Frequency values are obtained from the long-time displacement
responses of the plate given in Fig. 9. For every wave, the inverse of
the cycle time is considered for themean frequency during the period
of thatwave. It can be seen fromFig. 10 that the frequency of the plate
motion under the blast increases at the duration of a strong blast load
because of the high nonlinearities and in-plane effects caused by
large deflections. After this period the amplitude of vibration
decreases and the vibration frequency also decreases. The damping
effect on the vibration frequencies is pronounced in this period and it
causes an additional reducing effect on the frequency.

V. Conclusion

In this study, the equations of motion of the laminated composite
rectangular plate under blast load are derived in the frame of the
von Kármán large deflection theory of thin plates. The Galerkin
method is used to obtain a set of the nonlinear differential equations
in the time domain. The nonlinear-coupled equations of the motion
of the plate are solved using a finite difference method. A
convergence study is performed to reach the suitable time increment
for the solution.

The numerical results are correlated with the experimental results.
A good agreement is found for the peak values and frequencies.
Comparison of strain-time history results for the plates which have
different aspect ratios is performed. The displacement response of
the plate follows the blast pressure and in-plane stiffnesses affect the

Fig. 7 Comparison of the strain-time history results.
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response frequencies in the first 20 ms that the blast pressure is quite
high and they increase the response frequency of the laminated plate.

The effect of structural damping is also taken into account in this
study. The damping effects decrease the vibration amplitude in a
short time. It is well known that the frequency of vibration is
decreased by the structural damping effects slightly. However, if the
blast causes very large deflections and a consequent increase in the
vibration frequency, the viscous damping effect causes a restriction
on the deflections and nonlinearities and a consequent significant
decrease on the vibration frequency.

The discrepancy between the experimental and theoretical results
would be a result of the effect of higher vibration modes on the plate
response. Another source of the discrepancy would be aeroelastic
interaction between the blast load and thin plate motions.

In this study, only one term is taken for each displacement
function. Therefore, the contributions of the higher modes to the
structural response are not included. A study can be performed for
different boundary conditions and materials. This can be the subject
of future work.

Appendix

The explicit expressions of the operators:

L11 ��A11

@2

@x2
� 2A16

@2

@x@y
� A66

@2

@y2

L12 ���A12 � A66�
@2

@x@y
� A16

@2

@x2
� A26

@2

@y2

L13 � 3B16

@3

@x2@y
� �B12 � 2B66�

@3

@x@y2
� B11

@3

@x3
� B26

@3

@y3

L21 ���A12 � A66�
@2

@x@y
� A16

@2

@x2
� A26

@2

@y2

L22 ��A66

@2

@x2
� A22

@2

@y2
� 2A26

@2

@x@y

L23 � �B12 � 2B66�
@3

@y@x2
� B22

@3

@y3
� 3B26

@3

@x@y2
� B16

@3

@x3

L31 ��B11

@3

@x3
� 3B16

@3

@x2@y
� �B12 � 2B66�

@3

@x@y2
� B26

@3

@y3

L32 ��B16

@3

@x3
� �B12 � 2B66�

@3

@x2@y
� 3B26

@3

@x@y2
� B22

@3
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Coefficients in the time-dependent nonlinear differential equations:

a0 �
a11b

18; 480
�m; a0 � a11b

18; 480
d1

a1 �
a9�33A11b

2 � a2A66	
2�

13; 860b

a2 �
a5�A12 � A66�b5��15� 	2�2

4	8

a3 ��a3�3b2B11 � a2�B12 � 2B66����15� 	2�
b	2

a4 �
5a3�b2A22�15 � 4	2� � 3�A12 � A66�a2�63 � 4	2��

64b	2

a5 ��abqx
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b0 �
ab11

18; 480
�m; b0 � a11b

18; 480
d2

b1 �
b9�33a2A22 � A66b

2	2�
13; 860a

b2 �
a5�A12 � A66�b5��15� 	2�2

4	8

b3 ��b3�3a2B22 � b2�B12 � 2B66����15� 	2�
a	2

b4 �
5b3�a2A22�15 � 4	2� � 3�A12 � A66�b2�63 � 4	2��

64a	2

b5 ��abqy

c0 �
9ab

4
�m; c0 � 9ab

4
d3

c1 �
4	4�3b4D11 � 3a4D22 � 2a2b2�D12 � 2D66��

a3b3

c2 �
24	4

ab
�B12 � B66�

c3 �
20	4�21a4A22 � 10a2�3A12 � 4A66�b2 � 21A11b

4�
32a3b3

c4 ��a3�3b2B11 � a2�B12 � 2B66����15� 	2�
b	2

c5 ��b3�3a2B22 � b2�B12 � 2B66����15� 	2�
a	2

c6 �
5a3�A11b

2�15 � 4	2� � 3a2�A12 � A66���63� 4	2��
32b	2

c7 �
5b3�A22a

2�15 � 4	2� � 3b2�A12 � A66���63� 4	2��
32a	2

c8 ��abP�t�
Coefficients in the finite difference equations:

A1 �
a0

��t�2 � a1 �
a0

�t
; A2 � a2; A3 � a3 � a4W

n

A4 �
a0

�t
_Un � a0

��t�2 U
n � a0

�t
Un � a5

B1 � b2; B2 �
b0

��t�2 �
b0

�t
� b1; B3 � b3 � b4W

n

B4 �
b0

�t
_Vn � b0

��t�2 V
n � b0

�t
Vn � b5

C1 � c4 � c6W
n; C2 � c5 � c7W

n

C3 �
c0

��t�2 � c1 � c2W
n � c3�Wn�2 � c0

�t

C4 �
c0
�t

_Wn �
�

c0
��t�2 �

c0

�t

�
Wn � c8

D1 � B2 �
B1A2

A1

; D2 � B3 �
B1A3

A1

; D3 � B4 �
B1A4

A1

E1 � C2 �
C1A2

A1

; E2 � C3 �
C1A3

A1

; E3 � C4 �
C1A4

A1

E4 �
E1D3

D1

; E5 � E2 �
E1D2

D1
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